Spin cat states are promising candidates for quantum enhanced measurement. Here, we analytically show that, the ultimate measurement precisions of spin cat states approach the Heisenberg limit, where the uncertainty is inversely proportional to the total particle number. In order to fully exploit their metrological ability, we propose to use the interaction-based readout for implementing phase estimation. It is demonstrated that, the interaction-based readout enables spin cat states to saturate their ultimate precision bounds. The interaction-based readout comprises a one-axis twisting, two π 2 pulses, and a population measurement, which can be realized via current experimental techniques. Compared with the twisting echo scheme on spin squeezed states, our scheme with spin cat states is more robust against detection noise. Our scheme may pave an experimentally feasible way to achieve Heisenberg-limited metrology with non-Gaussian entangled states.
I. INTRODUCTION
Quantum metrology aims to enhance the measurement precision and develop optimal schemes for estimating an unknown parameter by means of quantum strategies [1] [2] [3] . In comparison to classical strategies, quantum enhanced measurement offers significant advantages, where a dramatic improvement for the achievable precision can be obtained due to the use of quantum entanglement [4] [5] [6] . Preparing and detecting entangled quantum states are two main challenges to achieve the Heisenberg-limited metrology. A lot of endeavors had been made to create various kinds of entangled input states, such as spin squeezed states [7] [8] [9] [10] , twin Fock states [11] [12] [13] , maximally entangled states [14, 15] , and so on. However, to detect the output states, single-particle resolved detection is assumed to be necessary, which has so far been the bottleneck in the practical performances. Moreover, imperfect detection is one of the key obstacles that hamper the improvement of measurement precision via manybody entangled states.
In recent, an echo protocol was proposed to perform phase estimation near the Heisenberg limit [16, 17] , which does not require single-particle resolved detection. The input state is generated by the time-evolution under a one-axis twisting HamiltonianÛ = e −iHOATt [18] , and a reversal evolutionÛ R =Û † is performed on the output state prior to the final population measurement. The nonlinear dynamicsÛ R enables Heisenberg-limited precision scaling (∝ N −1 ) under detection noise σ √ N , where N is the total particle number. This kind of nonlinear detection with spin squeezed states [19] and two-mode squeezed vacuum states [20] have been respectively realized in experiments. More recently, schemes on interaction-based readout that relax the time-reversal condition (Û R =Û † ) are proposed [21, 22] . These pointed out a new direction of utilizing entangled states for quantum metrology [23] [24] [25] [26] [27] [28] [29] .
Spin cat states, a kind of non-Gaussian entangled states as a superposition of distinct spin coherent states (SCS's), are considered as promising candidates for quantum enhanced measurement [30] [31] [32] [33] [34] [35] . It has been shown that, spin cat states with modest entanglement can perform high-precision phase measurement beyond the standard quantum limit (SQL) even under dissipation [35] . However, to perform the interferometry with spin cat states in practice, parity measurement is required so that single-particle resolution should be accessed [35] [36] [37] [38] [39] . The requirement of single-particle detection limits the experimental feasibility of quantum metrology with spin cat states. Thus, to overcome this barrier, is it possible to replace the parity measurement with interaction-based readout? Compared with the interaction-based readout scheme with spin squeezed states, will the spin cat states offer better robustness against detection noise?
In this article, we propose to perform the phase estimation with spin cat states via interaction-based readout. We find that, spin cat states have the ability to perform Heisenberg-limited phase measurement and interactionbased readout is an optimal method to fully exploit this potential ability. In Sec. II, we give a general framework of many-body quantum interferometry and the phase estimation. In Sec. III, we analytically obtain the ultimate precision bound for spin cat states. The ultimate bound is always inversely proportional to the total particle number with a constant depending on the separation of the two superposition SCS's, which approaches the Heisenberg limit. In Sec. IV, we describe the procedure of quantum interferometry via interaction-based readout with spin cat states. Then, the estimated phase precisions via interaction-based readout are numerically calculated and the optimal conditions are given. Especially, when the estimated phase lies around φ ∼ π/2, all the spin cat states can saturate their ultimate bounds with suitable interaction-based readout. Finally, the detailed derivation of how the interaction-based readout can saturate the ultimate precision bounds of spin cat states are analytically shown. In Sec. V, we analyze the robustness against detection noise within our scheme. It is demonstrated that, the spin cat states under interaction-based readout can immune detection noise up to σ c D (θ)N withc D (θ) a constant depending on the form of spin cat states. Compared with the echo twisting schemes, our proposal with spin cat states can be approximately √ N times more robust against the excess detection noise. In addition, the influences of dephasing during the nonlinear evolution in the process of interaction-readout are discussed. In Sec. VI, we briefly summarize our results.
II. PHASE ESTIMATION VIA MANY-BODY QUANTUM INTERFEROMETRY
The most widespread used interferometry can be described within a two-mode bosonic system of N particles, such as Ramsey interferometry with ultracold atoms [40] , trapped ions [41, 42] , Mach-Zehnder interferometry in optical systems [43] , and etc. In these systems, the system state can be well characterized by the collective spin operators,
withâ andb the annihilation operators for particles in mode |a and mode |b , respectively. A common quantum interferometry can be divided into three steps. First, a desired input state |ψ in is prepared. Then, the input state evolves under the action of an unknown quantity and accumulates an phase φ to be measured, i.e., |ψ(φ) out =Û (φ)|ψ in . Finally, a proper sequence of measurement onto the output state |ψ(φ) out is implemented to extract the accumulated phase. Theoretically, for a given phase accumulation processÛ (φ) = e −iφĜ , the measurement precision of the accumulated phase is constrained by a fundamental limit, the quantum Cramer-Rao bound (QCRB) [4] [5] [6] 44] , which only depends on the specific property of the chosen input state,
where ∆φ = φ 2 − φ 2 is the standard deviation of the estimated phase, µ corresponds to the number of trials, |ψ ′ = d|ψ(φ) out /dφ denotes the derivative and
in is the variance ofĜ for the input state.
In realistic scenarios, the frequency shift between the two modes ω is one of the most widely interested parameters to be estimated owing to its importance in frequency standards [45] . Therefore, the generator can be chosen asĜ =Ĵ z , the estimated phase φ = ωt and the quantum Fisher information (QFI) becomes F Q = 4∆ 2Ĵ z . It is well known that, using an input GHZ state can maximize F Q to N 2 , and the corresponding phase measurement precision scales inversely proportional to the total particle number, ∆φ ∝ N −1 , attaining the Heisenberg limit. In the following, we will show that, apart from GHZ state, other spin cat states also have the ability to perform Heisenberg-limited phase estimation. Further, we will give an experimentally feasible scheme to realize the Heisenberg-limited measurement with spin cat states by means of interaction-based readout.
III. ULTIMATE PRECISION BOUND OF SPIN CAT STATES
Spin cat states are typical kinds of macroscopic superposition of spin coherent states (MSSCS). Generally, a MSSCS is in superposition of multiple spin coherent states (SCS's) [46] [47] [48] . Here, we discuss the MSSCS in the form of
where N C is the normalization factor and |θ, ϕ denotes the N -particle SCS with
Here, c m (θ) = 
where the two SCS's have the same azimuthal angle ϕ = 0 and the polar angles are symmetric about θ = π/2. Since c m (θ) = c −m (π − θ), the coefficients of the MSSCS are symmetric about m = 0. It is shown that [35] , when the two superposition SCS's are orthogonal or quasiorthogonal, the corresponding MSSCS can be regarded Mathematically, M is a continuous variable, and it can be determined by the equation (see Appendix A),
Solving Eq. (9), we get
) . When the total particle number N = 2J is large, it can be approximated as
and the QFI of a spin cat state can be written as Thus, according to the QCRB (1), the ultimate phase precision by a spin cat state is obtained,
The above analytic result (12) is verified by numerical calculations, as shown in Fig. 1 . From the expression of QCRB (12), the achievable precision of the spin cat state |Ψ(θ) CAT follows the Heisenberg scaling multiplied by a coefficient C(θ) only dependent on θ. This coefficient C(θ) grows monotonously as θ gets larger. When θ = 0, |Ψ(0) CAT becomes the GHZ state (an extreme type of spin cat states), its ultimate bound returns to 1/N . When θ > 0, the ultimate bound becomes C(θ)/N , which is a constant fold higher than GHZ state. For example, ∆φ Q = 2/N for |Ψ(π/4) CAT , for a given N , the achievable precision just decreases by half compared to |Ψ(0) CAT . This indicates that, the spin cat states with modest θ may be more experimentally feasible. They preserve the Heisenberg scaling of precision, and meanwhile are more easily to prepare than the maximally entangled states in experiments [28, 35, [49] [50] [51] .
It is worth to mention that, the ultimate bound (12) is only valid for spin cat states which satisfy the condition (6) . For other MSSCS |Ψ(θ) M in which the overlap between the two SCS's is more significant, the precision scaling no longer remains Heisenberg-limited, but approaches the SQL as θ gradually increases towards π/2.
IV. INTERACTION-BASED READOUT WITH SPIN CAT STATES
Although we have demonstrated that the spin cat states have the abilities to perform Heisenberg-limited parameter estimation, how to saturate the ultimate precision bound and exploit their full potential in practice is a more important problem. Here, we will propose a practical scheme to implement the Heisenberg-limited quantum metrology with spin cat states by adding a nonlinear dynamics before the population difference measurement. We will show that, this is an optimal detection scheme which can saturate the ultimate precision bound of the spin cat states.
A. Interaction-based readout
The procedures of our scheme based on interactionbased readout are illustrated as follows, see Fig. 2 . First, a suitable input spin cat states |Ψ(θ) CAT is prepared. The spin cat states can be created by several kinds of methods in various quantum systems [30] [31] [32] [33] [34] [35] . Particularly in Bose condensed atomic systems, the spin cat states can be generated via nonlinear dynamical evolution [46, 52] or deterministically prepared by adiabatic ground state preparation [28, 35, 49] . The parameter θ for a specific spin cat state is determined by the control of atom-atom interaction [8, 9] . Then, the input state evolves under the Hamiltonian H 0 = ωĴ z , and the output state |Ψ(φ) out =Û (φ)|Ψ(θ) CAT , whereÛ (φ) = e −iH0t = e −iĴzφ with accumulated phase φ = ωt. Finally, a sequence interaction-based readout is performed on |Ψ(φ) out to extract φ.
Here, the sequence comprises a nonlinear dynamics sandwiched by two π 2 pulses prior to the half population measurement. The final state after the sequence can be written as
whereÛ non (χt) = e −iHOATt = e iχĴ 2 z t describes the nonlinear evolution with nonlinearity χ,R x (
x is a π 2 pulse, a rotation about x axis. Applying the half population difference measurementĴ z on the final state, one can obtain the expectation and standard deviation ofĴ z , pulses before the half population measurement.
(15) Therefore, the estimated phase precision is given according to the error propagation formula,
B. Numerical results
The measurement precision via interaction-based readout with spin cat states are shown in Fig. 3 . We first consider the accumulated phase around φ = 0, and plot the precision dependence on the nonlinear evolution, see Fig. 3 (a) . The optimal nonlinear evolution χt changes with different input spin cat states |Ψ(θ) CAT . For spin cat states with larger θ, despite the estimated phase precision ∆φ min becomes a bit worse, but the required optimal nonlinear evolution χt is getting smaller. Given a fixed nonlinearity χ, the optimal nonlinear evolution time t opt decreases with θ, see the inset of Fig. 3 (a) . We choose four typical spin cat states |Ψ(0) CAT , |Ψ(π/8) CAT , |Ψ(π/4) CAT and |Ψ(7π/20) CAT and evaluate their precision scaling versus total particle number, see Fig. 3 (c) . It is shown that, the spin cat states with interaction-based readout still preserve the Heisenberg-limited scaling when φ ∼ 0. Although there exist a shift from the QCRB for spin cat states with large θ, the Heisenberg scaling ∆φ min ∝ 1/N enables the high-precision measurement when the total particle number is large.
Further, we also consider the accumulated phase around φ = π/2, and plot the precision dependence on the nonlinear evolution, see Fig. 3 (b) . Different from the case of φ ∼ 0, the optimal nonlinear evolution χt = π/2 for all input spin cat states |Ψ(θ) CAT when φ ∼ π/2, see Fig. 3 (b) . The precision scaling versus total par-ticle number saturate the QCRB (12) , which indicates that the interaction-based readout is an optimal scheme to attain the ultimate bound of the spin cat states, see Fig. 3 (c) .
Both scenarios are useful in practical parameter estimation. When the parameter is very tiny, the accumulated phase may be around φ = 0, the spin cat states with modest θ are beneficial. For example, the optimal nonlinear evolution of |Ψ(π/4) CAT is χt = π/4, which is only half of the one for GHZ state. Meanwhile, the corresponding precision scaling is still ∆φ ∝ 1/N . On the other hand, for relatively large parameters and the interrogation time can be varied so that the accumulated phase lies around φ = π/2, the interaction-based readout can saturate the ultimate bound only if the nonlinear evolution can be tuned to χt = π/2.
C. Analytical analysis
For spin cat states via interaction-based readout, the corresponding measurement precision can be analyzed analytically for some specific cases. We will show how the interaction-based readout with χt = π/2 can saturate the ultimate precision bound for spin cat states when the estimated phase is around φ = π/2. Then, we will also illustrate the reason why the interaction-based readout with spin cat states for φ = 0 and φ = π/2 make a difference.
Consider an input state,
which is symmetric with respect to exchange of two modes, where a k = a −k and J = N/2 is an even number. According to Eq. (13), the final state before observable measurement can be expressed as,
When χt = π/2, Eq. (18) becomes,
One can prove that (see Appendix B),
Using Eq. (21), we can get
Thus, the half population of the final state can be written explicitly,
and its derivative with respect to φ reads as,
Correspondingly, the standard deviation of half population is
Finally, we can obtain the phase measurement precision via Eqs. (24) and (25), When φ = 0, sin(2kφ) = 0 and cos(2kφ) = 1, the phase measurement precision becomes
When φ = π/2, sin(2kφ) = 0 and (−1) J−k cos(2kφ) = 1, the phase measurement precision can be simplified as
For a spin cat state (7), according to Eqs. (8), (10), (12), (27) and (28), we get the phase measurement precision
and
From Eq. (30), it is obvious that the interaction-based readout with χt = π/2 attains the ultimate precision bound ∆ Q CAT of spin cat states when φ = π/2. Compare with Eq. (29) and Eq. (30), we find that, for interactionbased readout with χt = π/2, ∆φ| φ=0 ≥ ∆φ| φ=π/2 since the factor (−1) N/2−m in Eq. (29) decreases the sensitivity d Ĵ z f /dφ when even and odd m coexist. This also indicates the interaction-based readout with χt = π/2 may not be the optimal choice for φ = 0 with spin cat states. For φ = 0, it is hard to analyze analytically, so we can only obtain the optimal conditions for different spin cat states numerically, which have been shown in the above subsection B. 
V. ROBUSTNESS AGAINST IMPERFECTIONS
Finally, we investigate the robustness of the interaction-based readout scheme. In realistic experiments, there are many imperfections that limit the final estimation precision. Here, we discuss two main sources: the detection noise of the measurement and the dephasing during the nonlinear evolution of the interactionbased readout.
A. Influences of detection noise
Ideally, the half population difference measurement onto the final state can be rewritten as Ĵ z f = N/2 m=−N/2 P m (φ)m, where P m (φ) is the measured probability of the final state projecting onto the basis |J, m . For an inefficient detector with Gaussian detection noise [21, 22] , the half population difference measurement becomes
with
A n e
the conditional probability depending on the detection noise σ. Here, A n is a normalization factor.
In Fig. 4 (a) , we plot the optimal standard deviation ∆φ versus the detection noise σ with different input spin cat states under the conditions of φ ∼ 0 and φ ∼ π/2. Fig. 4 (b) . When σ/(∆Ĵ z ) > 0.5, the phase uncertainties start to increase rapidly. The critical point of the detection noise can be expressed as
Thus, the interaction-based readout with spin cat state is robust against detection noise up to σ c ∝ N , which is agree with the results in Ref. [26] . Compared with the echo twisting schemes [16, 17] , our proposal will be much more robust against excess detection imperfection when N is relatively large. In addition, for a spin cat state |Ψ(θ) CAT with smaller θ,c D (θ) = 1/2C(θ) is larger. This explains why |Ψ(θ) CAT with smaller θ is more robust in our scheme. Here, we consider the accumulated phase is φ ∼ 0 and after that, the interaction-based readout process is suffered from dephasing with γ the dephasing rate. The dotted, dashed and solid lines denote the cases of γ = 0, γ = 2χ, and γ = 6χ, respectively. Here, the total particle number is N = 100.
B. Influences of dephasing during interaction-based readout
Another imperfection may come to environment effects during the process of interaction-based readout. Here, we consider φ ∼ 0 and the interrogation duration is shorter than the duration of interaction-based readout. Thus the interaction-based readout may be suffered from correlated dephasing. The process can be described by a Lindblad master equation [53] ,
where γ denotes the dephasing rate and ρ is the density matrix of the evolved state. The initial density matrix is Fig. 5 , the effects of dephasing on the estimated phase precision for spin cat states are shown. First, spin cat states are robust against the dephasing during the interaction-based readout. The measurement precision can be still beyond SQL when γ is large. Second, the precision of spin cat state with larger θ degrades more slowly when γ becomes severe since the corresponding optimal evolution time is shorter. Therefore, it is more feasible to use spin cat states with modest θ via interaction-based readout when the estimated phase is near 0.
VI. SUMMARY
In summary, we have investigated the metrological performances of spin cat states and proposed to implement interaction-based readout to make full use of spin cat states for quantum phase estimation. We analytically show that spin cat states have the ability to perform Heisenberg-limited measurement, whose standard derivations of the estimated phase are always inversely proportional to the total particle number. We find that interaction-based readout is one of the optimal methods for spin cat states to perform Heisenberg-limited measurement. When the estimated phase φ is around 0, the spin cat states with modest entanglement are beneficial since their optimal nonlinear evolution of the interactionbased readout χt is much smaller than π/2. However, when the estimated phase φ lies near π/2, the interactionbased readout with spin cat states can always saturate the ultimate precision bound if the nonlinear evolution can be tuned to χt = π/2. The detailed derivation of how the interaction-based readout can saturate the ultimate precision bounds of spin cat states are analytically given.
Moreover, the interaction-based readout with spin cat states is robust against detection noise and it does not require single-particle resolution detectors. Compared with the twisting echo schemes, our proposal can be immune against detection noise up to σ ∼c D (θ)N , which is much more robust. Besides, the influences of other imperfect effects such as dephasing during interaction-based readout are also discussed. Our study on quantum phase estimation with spin cat states via the interaction-based readout may open up a feasible way to achieve Heisenberg-limited quantum metrology with nonGaussian entangled states. the nearest two coefficients can be calculated as 
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